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Abstract. We show that if a groupoid graded ring has a certain nonzero 
ideal property and the principal component of the ring is commutative, 
then the intersection of a nonzero twosided ideal of the ring with the 
commutant of the principal component of the ring is nonzero. Further- 
more, we show that for a skew groupoid ring with commutative princi- 
pal component, the principal component is maximal commutative if and 
only if it is intersected nontrivially by each nonzero ideal of the skew 
groupoid ring. We also determine the center of strongly groupoid graded 
rings in terms of an action on the ring induced by the grading. In the 
end of the article, we show that, given a finite groupoid G, which has a 
nonidentity morphism, there is a ring, strongly graded by G, which is 
not a crossed product over G. 



1. Introduction 

Let R be a ring. By this we always mean that R is an additive group 
equipped with a multiplication which is associative and unital. The identity 
element of R is denoted 1r and is always assumed to be nonzero. We always 
assume that ring homomorphisms respect the multiplicative identities. The 
set of ring endomorphisms of R is denoted End(i?) and the center of R is 
denoted Z(R). By the commutant of a subset S of a ring R, denoted Cr(S), 
we mean the set of elements of R that commute with each element of S. 

Suppose that R\ is a subring of R i.e. that there is an injective ring 
homomorphism R\ —>■ R. Recall that if R\ is commutative, then it is called 
a maximal commutative subring of R if it coincides with its commutant in 
R. A lot of work has been devoted to investigating the connection between 
on the one hand maximal commutativity of Ri in R and on the other hand 
nonemptyness of intersections of R\ with nonzero twosided ideals of R (see 
[2], 01, 0, 0, [2], [ID], p] and [26]). Recently (see [21], [22], [23], [24] and 
|25j ) such a connection was established for the commutant R± of the identity 
component of strongly group graded rings and group crossed products (see 
Theorem Q] and Theorem [2] below). Let G be a group with identity element 
e. Recall that a ring R is graded by the group G if there is a set of additive 
subgroups, R s , s € G, of R such that R = ® sgG i2 s and R s Rt ^ Rst, 
s,t G G; if R s Rt = Rst, s,t & G, then R is called strongly graded. The 
subring R e of R is called the identity component of R. The following result 
appears in |25j . 

i 



2 



JOHAN OINERT AND PATRIK LUNDSTROM 



Theorem 1. If a strongly group graded ring has commutative identity com- 
ponent, then the intersection of a nonzero twosided ideal of the ring with the 
commutant of the principal component in the ring is nonzero. 

Recall that crossed products are denned by first specifying a crossed sys- 
tem i.e. a quadruple {A, G, a, a} where A is a ring, G is a group and 
a : G — > End(^4) and a : G x G — > A are maps satisfying the following 
four conditions: 

(1) a e = \& A 

(2) a(s,e) = a(e,s) = 1a 

(3) a(s,t)a(st,r) = a s (a(t,r))a(s,tr) 

(4) a s (a t (a))a(s,t) = a(s,t)a st (a) 

for all s,t,r G G and all a £ A. The crossed product, denoted A G, 
associated to this quadruple, is the collection of formal sums Yls&G a s u s> 
where a s G A, s G G, are chosen so that all but finitely many of them are 
zero. By abuse of notation we write u s instead of lu s for all s G G. The 
addition on A x^ G is defined pointwise 

(5) a s u s + ^ b s u s = y^(a s + b s )u s 
seG sgG seG 

and the multiplication on A x^ G is defined by the bilinear extension of the 
relation 

(6) (a s u s )(b t u t ) = a s a s (b t )a(s,t)u st 

for all s,t € G and all a s , bt G A. By JT]) and j2|) u e is a multiplicative identity 
of A x^ G and by J3)) the multiplication on A x^ G is associative. There is 
also an ^4-bimodule structure on A x^ G defined by the linear extension of 
the relations a(bu s ) = (ab)u s and (au s )b = (aa s (b))u s for all a, b £ A and all 
s,t 6 G, which, by |j3J), makes A x^ G an ^4-algebra. Note that A x^ G is a 
group graded ring with the grading (Ax^ G) s = Au s , s G G; it is clear that 
this makes A x^ G a strongly graded ring if and only if each a(s, t), s,t E G, 
has a left inverse in A. In [24], the following result was shown. 

Theorem 2. If A x^ G is a crossed product with A commutative, all a s , 
s € G, are ring automorphisms and none of the a(s,s~ 1 ), s G G, are zero 
divisors in A, then every intersection of a nonzero twosided ideal of A x^ G 
with the commutant of A in Ay\ u a G is nonzero. 

For more details concerning group graded rings in general and crossed 
product algebras in particular, see e.g. p], [7] and |15j . 

Many natural examples of rings, such as rings of matrices, crossed prod- 
uct algebras defined by separable extensions and category rings, are not in 
any natural way graded by groups, but instead by categories (see [H], [12] . 
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[T3] and [2D])- The main purpose of this article is to obtain a simultane- 
ous generalization (see Theorem 3) of Theorem Q] and Theorem [2] as well as 
extending the result from gradings defined by groups to groupoids. To be 
more precise, suppose that G is a category. The family of objects of G is 
denoted ob(G); we will often identify an object in G with its associated iden- 
tity morphism. The family of morphisms in G is denoted ob(G); by abuse of 
notation, we will often write s G G when we mean s G mor(G). The domain 
and codomain of a morphism s in G is denoted d(s) and c(s) respectively 
We let G*- 2 -* denote the collection of composable pairs of morphisms in G i.e. 
all (s,t) in mor(G) x mor(G) satisfying d(s) = c(t). A category is called a 
groupoid if all its morphisms are invertible. Recall from [12] that a ring R is 
called graded by the category G if there is a set of additive subgroups, R Sl 
s G G, of R such that R = © seG R s and for all s,t G G, we have R s Rt C R s t 
if (s,t) G G^ and R s R t = {0} otherwise; if R s R t = R st , (s,t) G G^\ then 
R is called strongly graded. By the principal component of R we mean the 
set Rq := © eeo b(G) Re- We say that R has the nonzero ideal property if to 
each isomorphism s £ G and each nonzero x G R s , the right i?o-ideal xR s -i 
is nonzero. In Section 2, we prove the following result. 

Theorem 3. // a groupoid graded ring has the nonzero ideal property, then 
the intersection of a nonzero twosided ideal of the ring, with the commutant 
of the center of the principal component of the ring, is nonzero. 

Theorem [3] generalizes Theorem Q] and Theorem [2l In fact, suppose that 
R is a ring graded by the group G and that we have chosen s G G and a 
nonzero x G R s . If R is strongly graded, then ^ x = xIr G xR s -iR s , 
which implies that the right i?o-ideal xR s -i is nonzero. Now suppose that R 
is a group graded crossed product A x^ G. Then x = a s u s for some nonzero 
a s G A e . Hence a s a(s, = xu s -i G xR s -i. Therefore the right i?o-ideal 
xR s -i is nonzero as long as a(s, s _1 ) is not a zero divisor in A e . 

In Section [HI we generalize [El Theorem 3.4], [20l Corollary 6] and [20l 
Proposition 10] by proving the following result. 

Theorem 4. // Ax" G is a skew groupoid algebra with all A e , fore G ob(G) 7 
commutative rings and |ob(G)| < oo, then A is maximal commutative in 
A x CT G if and only if every intersection of a nonzero twosided ideal of Ax\ a G 
and A is nonzero. 

The secondary purpose of this article is to determine the center of strongly 
groupoid graded rings R in terms of a groupoid action on R defined by the 
grading (see Theorem [6] in Section H}. This generalizes a result for group 
graded rings by the first author together with Silvestrov, Theohari-Apostolidi 
and Vavatsoulas (see Lemma 3 (hi) in [25]) to the groupoid graded situation. 

In Section [5l we show that the class of strongly groupoid graded rings 
which are not crossed products, in the sense defined in [20], is nonempty for 
any given groupoid with a finite number of objects. In fact, we show, by an 
explicit construction, the following result. 
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Theorem 5. Given a finite groupoid G, which has a nonidentity morphism, 
there is a ring, strongly graded by G, which is not a crossed product over G. 



In this section, we prove Theorem 3 and a corollary thereof. To this end, 
and for use in the next section, we gather some fairly well known facts from 
folklore concerning graded rings in a lemma (see also p2] and [E]). We 
also show that the commutant of the principal component of rings graded 
by cancellable categories, is again a graded ring (see Proposition JT])); this 
result will be used in Section [3J 

Lemma 1. Suppose that R is a ring graded by a cancellable category G. We 
use the notation 1r = YlseG ^ s where l s G R s , s G G. (a) 1r G Rq; (b) if we 
let H denote the set of s G G with ^d(s) 7^ ^c(s), then H is a subcategory 
of G with finitely many objects and R = © se #-Rs; (c) if G is a groupoid 
(or group), then H is a groupoid (or group); (d) if s G G is an isomorphism, 
then R s R s -i = R c r s ) if and only if R s Rt = R s t for allt G G with d{s) = c(t). 
In particular, if G is a groupoid (or group), then R is strongly graded if and 
only if R s R s -i = R c ( s ), s G G. 

Proof, (a) If t G G, then It = l_Rif = Ssgg ^s^t- Since G is cancellable, this 
implies that = whenever s G G \ ob(G). Therefore, if s G G \ ob(G), 
then l s = l s l R = Y^teG l sh = 0. 

(b) Since d(st) = d(t), c(st) = c(s) for all (s,t) G G (2) , we get that H is 
a subcategory of G. By the fact that 1r = Y2 S £ob(H) ls> we § e ^ ob(H) 
is finite. Suppose that s G G \ H is chosen such that l c ( s ) = 0. Then 
R s = 1rR s = l c ( s )i? s = {0}. The case when = is treated similarly. 

(c) Suppose that G is a groupoid (or group). Since d(s^ 1 ) = c(s) and 
c(s~ 1 ) = d(s), s G G, it follows that H is a subgroupoid (or subgroup) of G. 

(d) The "if" statement is clear. Now we show the "only if" statement. 
Take (s,t) G G (2) and suppose that R s R s -i = R c ( s y Then, by (a), we get 
that R s Rt C R st = R c ( s )R s t = R s R s -iR s t Q R s R s -i st = R s Rt- Therefore, 
R s Rt = Rst- The last part follows immediately. □ 

Proposition 1. Suppose that R is a ring graded by a category G and that 
A is a graded additive subgroup of R. For each s G G, denote Cr(A) s := 



2. Ideals 



C r {A) C\R s . Ifs,te G, then 
(a) C R (A) s = r] ueG C Rs (Au); 
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(d) if 1 R G Rq, then C r (Rq) is a graded subring of R with 

r <n\ - I C Rs(Rd{s)), if c(s) = d(s), 
C R (Ro) s - | {Q}) otherwige _ 

In particular, if G is cancellable, then the same conclusion holds. 

Proof, (a) This is a consequence of the following chain of equalities C R (A) S = 
C R (A) nR s = C Rs (A) = C Rs (® u£G A u ) = (\ ueG C Rs {A u ). 

(b) Suppose that u G G, a u G A u , (s,t) G G^ and that r s G C R (A) S and 
r' t G C^(^) t . Then (r s rQa u = r s (r' t a u ) = r s (a u r[) = {r s a u )r[ = (a u r s )r' t = 
a u (r s r' t ). Therefore r s r[ G C Rst (A u ) for all mEG. Hence r s r£ G C R (^) st . If, 
on the other hand, (s,t) £ G^ , then, by (a), we get that C R (A) s C R (A) t C 
i2,i2t = {0}. 

(c) It is clear that C r (Rq) 5 © se G C R (Ro) s - Now we show the reversed 
inclusion. Take x G C r (Rq), e G ob{G) and a e G i? e . Then X^eG 2 ^ 06 = 
X] S GG a e x s- By comparing terms of the same degree, we can conclude that 
x s a e = a e x s for all s G G. Since e G ob(G) and a e G A e were aritrarily 
chosen this implies that x s G C R (Ro) s for all s G G. Now we show the 
second part of (c). Take e G ob(G). Suppose that c(s) = d(s). If d(s) 7^ e, 
then C Rs (R e ) = R s . Hence fle6o6(G) ^ = C Rs( R d(s))- Now suppose 
that c(s) 7^ d(s). If c(s) / e/ d(s), then C Re (R e ) = R s . Therefore, 
r\eeob(G) C Rs( R e) = C Ra (R c{s) )r\C Rs (R d{s) ); C Rs {R c{s) ) equals the set of 
r s G R s such that ar s = r s a for all a G R c r s y Since d(s) 7^ c(s), we get that 
r s a e = 0; C R3 (Rm s \) is treated similarly. 

(d) The claims follow immediately from (c). In fact, suppose that c(s) / 
d(s). Take r s G R s such that R c ( s \r s = {0}. Then r s = l R r s = l c ( s )r s = 0. 
If G is cancellable, then, by Lemma QJa), the multiplicative identity of R 
belongs to Rq. □ 

Proof of Theorem [3]. We prove the contrapositive statement. Let C de- 
note the commutant of Z{Rq) in R and suppose that I is a twosided ideal 
of R with the property that / D C = {0}. We wish to show that I = {0}. 
Take x G I. If x G C, then by the assumption x = 0. Therefore we now 
assume that x = ^2 s£ qX s G /, x s G s G G, and that 2 is chosen so 
that x ^ C with the set 5 := {s G G | x s 7^ 0} of least possible cardinality 
N. Seeking a contradiction, suppose that N is positive. First note that 
there is e G ob(G) with l e x G / \ C. In fact, if l e x G C for all e G ob(G), 
then x = l R x = X^eeob(G) ^e x e ^ which is a contradiction. Note that, 
by Lemma QJb), the sum ^ ego b(G) lei and hence the sum X^eeob(G) ^-e x > is 
finite. By minimality of iV, we can assume that c(s) = e, s G 5, for some 
fixed e G ob(G). Take t G 5. By the nonzero ideal property there is y G i^-i 
with Xjy 7^ 0. By minimality of N, we can therefore from now on assume 
that e £ S and d(s) = c(s) = e for all s G S. Take d = X^/eob(G) df G Z{R$) 
where dj G i?/, / G ob(G) and note that Z{Rq) = ©j eo b(G) %(Rf). Then 
I 3 dx — xd = Yjses E/eob(G)( d / x s - a; s d/) = ^ sG s d e x s - x s d e . In the R e 
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component of this sum we have d e x e — x e d e = since d e E Z(R e ). Thus, the 
summand vanishes for s = e, and hence, by minimality of N, we get that 
dx — xd = 0. Since d E Z(Rq) was arbitrarily chosen, we get that x E G 
which is a contradiction. Therefore N = and hence S = which in turn 
implies that x = 0. Since x £ I was arbitrarily chosen, we finally get that 
I = {0}. □ 

Corollary 1. If a groupoid graded ring has the nonzero ideal property and 
the principal component of the ring is maximal commutative, then the inter- 
section of a nonzero twosided ideal of the ring with the principal component 
of the ring is nonzero. 

Proof. This follows immediately from Theorem [3l □ 



3. Skew category algebras 

We shall recall the definition of a skew category ring from [20] . By a skew 
system we mean a triple {^4, G, a} where G is an arbitrary small category, 
A is the direct sum of rings A e , e E ob(G), a s : Am s \ — ► A c r s \, for s E G, are 
ring homomorphisms, satisfying the following two conditions: 

(7) a e = \& Ae 

(8) a s (a t (a)) = a st (a) 

for all e 6 ob(G), all (s,t) £ G (2) and all a € A d ( t y Let A x CT G denote the 
collection of formal sums SseG a « n *' where a s E A c ( s \, s E G, are chosen 
so that all but finitely many of them are zero. Define addition on A x CT G 
by © and define multiplication on A x CT G as the bilinear extension of the 
relation 

(9) (a s u s ){b t ut) = a s a s (b t )u st 

if (s,t) E G^ and (a s u s )(b t u t ) = otherwise where a s E ^4 C ( S ) and b t E 
A c m. One can show that A x CT G has a multiplicative identity if and only 
if ob(G) is finite; in that case the multiplicative identity is ^eeob(G) Ue - ^ 
is easy to verify that the multiplication on A x CT G is associative. Define 
a left ^-module structure on A x°" G by the bilinear extension of the rule 
a e (b s u s ) = (a e b s )u s if e = c(s) and a e (b s u s ) = otherwise for all a e E A e , 
b s E A c r s \, e E ob(G), s E G. Analogously, define a right A-module structure 
on A x°" G by the bilinear extension of the rule (b s u s )cf = (b s a s (cf))u s if 
/ = d(s) and (b s u s )cf = otherwise for all b s E A c ( s ), c/ E Af, f E ob(G), 
s E G. By ((8|) this A-bimodule structure makes A x^ G an A-algebra. We 
will often identify ^4 with © ego b(G) A e u e ; this ring will be referred to as the 
coefficient ring or principal component of A xJJ G. It is clear that A x^ G is 
a category graded ring in the sense of [32] and it is strongly graded. We call 
A x°" G the s^ew category algebra associated to the skew system {A,G,a}. 
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Proposition 2. If A y\ a G is a skew category algebra with all A e , for e G 

ob(G), commutative rings and |ob(G)| < oo, such that every intersection of 
a nonzero twosided ideal of A x CT G and A is nonzero, then A is maximal 
commutative in A x°" G . 

Proof. We show the contrapositive statement. Suppose that A is not maxi- 
mal commutative in A x"" G. Then, by Proposition [T](d), there exists some 
s G G \ Go, with d(s) = c(s), and some nonzero r s G A c r s \, such that r s u s 
commutes with all of A. Let / be the (nonzero) ideal in A x°"G generated by 
the element r s ii c ( s ) — r s u s . Note that all elements of I are sums of elements 
of the form 

(10) a g u g {r s -r s u s )a h u h 

for g,h G G, a g G ^c(g) an d ah G Ai(ft)- Suppose that (g,h) G G^ 2 \ for 
otherwise the above element is automatically zero. We may now simplify: 

a g u g (r s ~ r s u s )a h u h = a g a g (r s a h )u gh - a g a g (a h r s )u gsh 

jcr g (r s a h ) u gh - a g a g {r s a h ) u gsh 



Consider the additive map 

ip : A x CT G — > A, a s u s l— ► o, s . 

seG seG 

It is clear that the restriction of ip to A is injective. And since each element 
of / is a sum of elements of the form ([10]) it follows that <p is identically zero 
on all of /. This shows that I n A = {0} and hence the desired conclusion 
follows. □ 



Proof of Theorem |4j The "if" statement follows from Theorem [3l The 
"only if" statement follows from Proposition [2] if we let G be a groupoid. □ 



4. The center 

In this section, we determine the center of strongly groupoid graded rings 
(see Theorem [6]) in terms of an action on the ring induced by the grading 
(see Definition [2]). This is established through three propositions formulated 
in a slightly more general setting. 

Proposition 3. Suppose that R is a ring graded by a category G and that 

(i) (i) 

s G G is an isomorphism. For each positive integer i take a s ,c s G R s and 
-i G R s -i with the property that a® = b^lj = ci^ = d^_i = for all 
but finitely many i. If x,y G Cr(R s -iR s ) and 

oo oo 

A = J24 } ^lJ2 c ^ 

i=l j=l 
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i=i j=i 



oo oo 



i=i j=i 

i/ien A = B = C . In particular, if G is cancellable and 

oo oo 

i=i j=i 

£/ien tfie following equalities hold 

oo oo 

(11) £^W- = E c iM- 

i=l i=l 

oo oo oo 

(12) = £°$°**Si E°S°^ 

Proof. Suppose that £ Cr(R s -iR s ). The equality ^4 = f? (or -B = C) 
follows from the fact that y (or a;) commutes with b^l^P for all positive 
integers i and j. The equality (fill follows from Lemma [DJa) and the equality 
A = C with y = lrf( s ). The equality (TT2l) follows from Lemma [T](a), equality 
(fTT|) and the equality A = B. □ 

Proposition 4. Suppose that R is a ring graded by a category G and that 
s,t G G are isomorphisms with d(s) = c(t). For each positive integer i take 

oi l) G R s , b% € R s -i, cf G R t , d% G R t ~i,pf t G i? st and?$)-i G #( s t)-i 
untft £/je property that ay = = = = = = / or a ^ 

but finitely many i. If x G Cn(Rr st \-iR s Rt) and 



oo oo 



^E^HVE^E^W* 

k=l i=l j'=l 

oo oo oo 

^ = E^^-E^E^^e 

k=l i=l j=l 

then D = E. In particular, if G is cancellable and the following equalities 
hold 

oo oo oo 

k=l i=l j=l 

then 

oo oo oo 

d3) E^Hl^E^E^^^l 

fe=i i=i i=i 
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Proof. Suppose that x E Cn(R^ st yiR s Rt). The equality D = E follows from 

(k) (i) (j) 

the fact that x commutes with IrA-iUs c\ for all positive integers i, j and 
k. The equality (fl3l) follows from Lemma [T|a) and the equality D = E. □ 

Proposition 5. Suppose that R is a ring graded by a category G and that 

(i) (i) 

s E G is an isomorphism. For each positive integer i take a s ,c s E R s and 
b _! E R s -i with the property that Og = 6 _i = Cg = d _! = /or a// 
finitely many i. If x E Cn(R s -iR c t s \R s ) and y E -R c ( s ), i/ien 

oo oo oo oo 

(14) £ a«*fe« y £ = £ a« 6 « y £ c^zd^ 

i=l j'=l i=l j=l 

/n particular, if G is cancellable and 



oo 



i=i j=i 



oo 

(15) £aWi6« gCTrC^)) 

i=l 

If also x E Z{Rd( s )), then 

oo 

(16) £a(*WlEZ(i? c(s) ) 

i=i 

Proof. Suppose that x E Cr(R s -iR c ^R s ) and y E i? c ( s ). The equality (fT4"l) 
follows from the fact that x commutes with b l^c/ for all positive integers 



i and j. The claim (1151) follows from (fill) and (JT4J) . The claim (1161) follows 
from (pi]) and the fact that Z(R e ) = R e n Ci?(i? e ) for any e E ob(G). □ 

Definition 1. Suppose that R is a ring strongly graded by a groupoid G. By 
abuse of notation, we let C(R) (or Z(R)) denote the groupoid with Cn(R e ) 
(or Z(R e )), e E ob(G), as objects, and the ring isomorphisms Cr(Rm s \) — > 
Cr(R c ( s )) (or Z(R d ( s) ) -> Z(i? c(s ))), s E G, as morphisms. 

Definition 2. Suppose that R is a ring strongly graded by a groupoid G. 
For each s E G and each positive integer i, take a s E R s and E 
R s -i with the property that a s = b s i 1 = for all but finitely many i 
and Y^Li a s b -i = lc(sV Define a function <r s : — > by cx s (x) = 
Y^L\ a s xb _ ls x E -R. By abuse of notation, we let every restriction of 
cr s to subsets of i? also be denoted by a s . 

Proposition 6. Suppose that R is a ring strongly graded by a groupoid 
G. Then the association of each e E ob(G) and each s E G to the ring 
Cn{R e ) (or the ring Z(R e )) and the function a s : C#(i?d(s)) — > C#(i? c ( s )) 
(or a s : Z{Rm s \) — ► Z(R C ^)) respectively, defines a functor of groupoids 
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a : G — > C(R) (or a : G — > Z{R)). Moreover, a is uniquely defined on 
morphisms by the relations a s (x)r s = r s x and a s (x)l c ( s \ = cr s (x), s G G, 
x G C R {R d{s) ) (or x G Z(i? d(s) )j ? r s G i? s . 

Proof. We show the claim about C{R). Since the claim about Z(-R) can 
be shown in a completely analogous way we leave the details of this to the 
reader. Take s G G. By (fT5l) . a s is well defined. It is clear that a s is additive 
and that a s (lR dM ) = li? c(s) . By (fT2j) . cr^ is multiplicative. Take i G G 
with ci(s) = c(£). By (fT3|) . cr s t = cr s at. By flTjl . the definition of a s does 
not depend on the particular choice of a s G R s and b g _ 1 G -R s -i subject 
to the condition YliZi -1 = l c (s)- Therefore, for each e G ob(G), we 

can make the choice a e = b e = l e and ai ^ = be ^ = for all integers 
i > 2; it is easy to see that this implies that a e = idc R (R e )- For the second 
part of the proof suppose that s G G, x G C^R^s)) and y £ R satisfy 
yr s = r s x for all r s G R s . Then a s (x) = a^xb^ = YaLi V a s o£±x = 

yl c ( s ) = y. Finally, suppose that s G G, x G Cr^R^s)) and r s G i? s . Then 
o- s (x)r s = XXi as xb^rs = ^^arb^jvc = l c ( s )r s a; = r s x. It is clear 
that o" s (x)l c ( s ) = cr s (x). □ 

Theorem 6. The center of a strongly groupoid graded ring R equals the 
collection of Yeeob(G) x e> x ? G C R (R e ), e G ob(G), satisfying o- s (x d ^) = 
x c ( s ), seG. In particular, ifG is the disjoint union of groups G e , e G ob(G), 
then the center of R equals the direct sum of the rings Cji(R e ) Ge , e G ob(G). 

Proof. Suppose that y = Yseci/s belongs to the center of R where y s G R s , 
s G G, and y s = for all but finitely many s G G. Since l e y = 2/l e , e G 
ob(G), we get that y s = whenever c(s) 7^ <i(s). Therefore, y = Xleeob(G) x e 
where x e = Ys&G y s , e G ob(G). Since y G Cn{R e ), e G ob(G), we get that 
x e G Gij(i? e ), e G ob(G). Take s G G. The relation r s y = yr s , r s G R s , 
and the last part of Proposition [6] imply that os(x d ^) = x c ^ s y On the other 
hand, it is clear, by the last part of Proposition [6j that all sums ^eeob(G) Xe ' 
x e G Cn(R e ), e G ob(G), satisfying o- s (x d ^) = x c ( s ), s G G, belong to the 
center of i2. The last part of the claim is obvious. □ 

5. Examples 

In this section, we show Theorem [5l Our method will be to generalize, 
to category graded rings (see Proposition [7J, the construction given in [3] 
for the group graded situation. To do that, we first need to introduce some 
more notations. Let K be a field and G a category. Suppose that n is a 
positive integer and choose Si G G, for 1 < i < n. For 1 < i,j < n, let 
eij G M n (K) be the matrix with 1 in the ijth position and elsewhere. For 
s G G, we let R s be the K- vector subspace of M n (K) spanned by the set of 
for 1 < i,j < n, such that (sj, s) G G^ and S{S = Sj. 

Proposition 7. If s,t G G, then, with the above notations, we get that 
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(a) R s Rt C R st , if (s,t) G G^ 2 \ and R s Rt = {0}, otherwise. 

(b) // G is cancellable, then the sum R := YlstG ^ s ?s direct. Therefore, 
in that case, R is a ring graded by G with components R s , for s£G. 

Proof, (a) Suppose that (s,t) G G^. Take G i? s and e/fc G Rt- If J 7^ i, 
then eijeik = G R s t- Now let j = I. Then, since Sis = Sj and s^i = s^, we 
get that Sjst = Sjf = Hence, eijejk = e.%k S R s t- 

(b) Let X s denote the collection of pairs (i, j), where 1 < i,j < n, such 
that (si, s) G C?( 2 ) and SiS = Sj. Suppose that s ^ t. Seeking a contradiction 
suppose that X s (1 X t 7^ 0. Then there would be integers k and Z, with 
1 < k, I < n, such that s^s = s/ = s^t. By the cancellability of G this 
would imply that s = t. Therefore, the sets X s , for s G G, are pairwise 
disjoint. The claim now follows from the fact that R s = Yl(ij)eX s ^ e ij f° r 
all sGG. □ 

Proof of Theorem \E[ Let H be a finite connected groupoid with at least 
one nonidentity morphism. We begin by showing that one may always find 
a subring of a matrix ring which is strongly graded by H, but which is not 
a crossed product in the sense of |20j . If H only has one object, then it is 
a group in which case it has already been treated in [3]. Therefore, from 
now on, we assume that we can choose two different objects e and / from 
H. We denote the morphisms of H by ti,t2, . . . ,t n . For technical reasons, 
we suppose that t n = e and that d(t\) = f and c(ti) = e. Let us now choose 
n + 1 morphisms s±, S2, ■ ■ ■ , s n +i from H in the following way; S{ = ti, when 
1 < i < n, and = t n . 

First we define R according to the beginning of Section [5] and show that it 
is strongly graded by H. Take (s,t) G H^> and G R s t- This means that 
Sist = Sfc. Now pick an integer j with 1 < j < n and Sit = Sj] this is possible 
since {sj | 1 < i < n} = H. Then eji G R s and, since SjS = Sits = s^, we get 
that efcj G R s . Therefore, e^i = ekj e j% G RsRt- Hence, R is strongly graded. 

Now we shall show that R is not a crossed product over H in the sense 
defined in [20]. For g,h G ob(if), let H g h denote the set of s G H with 
c(s) = g and d(s) = h. Since H is connected, all the sets H 9t h have the same 
cardinality; denote this cardinality by m. The component R e is the i^-vector 
space spanned by the collection of with s^e = Sj, that is, such that Sj = sj 
and d(sj) = e. Therefore, the K-dimension of R e equals m + 3. Furthermore, 
the component Rt x is the K-vector space spanned by the collection of eij 
with Siti = Sj. Since d(ti) = f 7^ e, this implies that the if-dimension of 
equals m + 1. Seeking a contradiction, suppose that i?t x is free on one 
generator a as a left i? e -module. Then the map 9 : R e — > R^ , defined by 
6{x) = xu, for x G i? e , is, in particular, an isomorphism of K- vector spaces. 
Since dim/<(i? e ) = m + 3>m+l = dimx(i?( 1 ), this is impossible. 

We shall now show that our groupoid G is the disjoint union of connected 
groupoids. Define an equivalence relation ~ on ob(G) by saying that e ~ /, 
for e, / G ob(G), if there is a morphism in G from e to /. Choose a set 
E of representatives for the different equivalence classes defined by ~. For 
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each e £ E, let [e] denote the equivalence class to which e belongs. Let 
G[ e ] denote the subgroupoid of G with [e] as set of objects and morphisms 
s£G with the property that c(s),d(s) € [e]. Then each Gr e i, for e S E, is 
a connected groupoid and G = l+l eg £ G[ e ] . For each e G E, we now wish to 
define a strongly G[ e ]-graded ring R\ e \. We consider three cases. If G[ e ] = {e}, 
then let i?r e i = IT. If [e] = {e} but the group Gr e i contains a nonidentity 
morphism, then let i?u be a strongly G[ e ]-graded ring which is not a crossed 
product as defined in [3]. If [e] has more than one element, let i?[ e ] denote 
the strongly Gr e i -graded ring according to the construction in the first part 
of the proof. We may define a new ring S to be the direct sum © eg £; R\ e \ 
and one concludes that S is strongly graded by G but not a crossed product 
in the sense of [20]. □ 

Example 1. To exemplify Theorem 5, we now give explicitly the construc- 
tion in the simplest possible case when G is not a group. Namely, let G be 
the unique thin_| connected groupoid with two objects. More concretely this 
means that the morphisms of G are e, /, s and t; multiplication is defined 
by the relations 

e 2 = e, f = f, es = s, te = t, sf = s, ft = t. 

Put 

si = e, s 2 = s, s 3 = t, s 4 = s 5 = /. 

and define the G-graded ring R as above. A straightforward calculation 
shows that 

R e = Ken + Ke 33 

Rf = Ke 2 2 + Ke^ + Ke^ + Ke 54l + Ke 55 
R s = Keu + Ke u + Ke 35 
R t = Ke 2 i + Ke i3 + Ke 53 

Another straightforward calculation shows that 

R e Re = Re, RfRf = Rf, ReRs = Rs 

RtRe = Rt, R s Rf = Rs, RfRt = Rt- 

Therefore R is strongly graded by G. However, R is not a crossed product in 
the sense defined in [20]. In fact, since dimx (Rf) = 5 > 3 = dim^(i? f ), the 
left i?/-module Rt can not be free on one generator. By a similar argument, 
the left i? e -module R s is not free on one generator. 
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In the sense that there is at most one morphism from one object to another. 
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